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1. INTRODUCTION 

The notion of Hopf algebra and its generalizations appeared as useful tools in relation with many 
branch of mathematics such that algebraic geometry, number theory, Lie theory, Galois theory, quantum 
group theory and so on. A common principle to obtain generalizations of the original notion of Hopf 
algebra is to weak some of axioms of its definition. For example, if one does not force the coalgebra 
structure to respect the unit of the algebra structure, one is lead to weak Hopf algebras. In a different 
way, the weakening of the associativity leads to Hopf quasigroups and quasi-Hopf algebras. 

Weak Hopf algebras (or quantum groupoids in the terminology of Nikshych and Vainerman [FlT] I were 
introduced by Bohm, Nill and Szlachanyi [6] as a new generalization of Hopf algebras and groupoid 
algebras. A weak Hopf algebra H in a braided monoidal category [3] is an object that has both, monoid 
and comonoid structure, with some relations between them. The main difference with other Hopf algebraic 
constructions is that weak Hopf algebras are coassociative but the coproduct is not required to preserve 
the unit, equivalently, the counit is not a monoid morphism. Some motivations to study weak Hopf 
algebras come from the following facts: firstly, as group algebras and their duals are the natural examples 
of Hopf algebras, groupoid algebras and their duals provide examples of weak Hopf algebras and, secondly, 
these algebraic structures have a remarkable connection with the theory of algebra extensions, important 
applications in the study of dynamical twists of Hopf algebras and a deep link with quantum field theories 
and operator algebras El- 

On the other hand, Hopf (co)quasigroups were introduced in [9] in order to understand the structure 
and relevant properties of the algebraic 7-sphere. They are a non-(co)associative generalizations of Hopf 
algebras. Like in the quasi-Hopf setting, Hopf quasigroups are not associative but the lack of this property 
is compensated by some axioms involving the antipode. The concept of Hopf quasigroup is a particular 
instance of the notion of unital coassociative H-bialgebra introduced in |12| . 

Recently |4|, the authors have introduced a new generalization of Hopf algebras (called weak Hopf 
(co)quasigroups) which encompass weak Hopf algebras and Hopf (co)quasigroups. A family of non-trivial 
examples of weak Hopf quasigroups can be obtained by working with bigroupoids, i.e. bicategories where 
every 1-cell is an equivalence and every 2-cell is an isomorphism. Moreover, many properties of these 
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algebraic structures remain valid under this unified approach (in particular, the Fundamental Theorem 
of Hopf Modules associated to a weak Hopf quasigroup [4]), and it is very natural to ask for other well- 
known properties related with Hopf algebras. In particular, Nakajima m gave a characterization of 
ordinary Hopf algebras in terms of bijectivity of right or left Galois maps (also called fusion morphisms 
in ED- This result was extended by Schauenburg m to weak Hopf algebras, and by Brzezinski (TJ to 
Hopf (co)quasigroups. The main purpose of this work is to give a similar characterization in the weak 
Hopf (co)quasigroup setting. More precisely, we state that a weak Hopf (co)quasigroup satisfies a right 
and left Galois-type condition, and these Galois morphisms must have almost right and left (co)linear 
inverses, and conversely. As a consequence we get the characterization of Hopf (co)quasigroups given by 
Brzezinski [7| (called the First Fundamental Theorem for Hopf (co)quasigroups), and the one obtained 
by Schauenburg m for weak Hopf algebras. 

2. A CHARACTERIZATION OF WEAK HOPF QUASIGROUPS 

Throughout this paper C denotes a strict monoidal category with tensor product ® and unit object 
K. For each object M in C, we denote the identity morphism by id,M ■ M —> M and, for simplicity of 
notation, given objects M , N, P in C and a morphism / : M —»• N, we write P ® / for idp ® / and / ® P 
for f ® idp. 

From now on we also assume that C admits equalizers and coequalizers. Then every idempotent 
morphism splits, i.e., for every morphism Vi' : Y —» Y such that Vy = Vi- o Vy, there exist an object 
Z and morphisms iy : Z Y and py : Y —> Z such that Vy = iy o py and py o iy = idz- 

Also we assume that C is braided, that is: for all M and N objects in C, there is a natural isomorphism 
Cm,n '■ M 8 N —> N 8 M, called the braiding, satisfying the Hexagon Axiom (see 0 for generalities). If 
the braiding satisfies cn,m 0 cm,n = idM®N, the category C will be called symmetric. 

By a unital magma in C we understand a triple A = (A, t]a, Pa) where A is an object in C and i]a ■ K -A 
A (unit), pa ■ A ® A —> A (product) are morphisms in C such that pa ° {A ® tja) = id a = Pa ° (va 8 A). 
If pa is associative, that is, pa ° {A ® pa) = Pa 0 (Pa 8 A), the unital magma will be called a monoid in 
C. Given two unital magmas (monoids) A = (A,7)a, Pa) and B = Pb), f ■ A —> B is a morphism 

of unital magmas (monoids) if pb ° (/ <8> /) = / ° Pa and / o t]a = ijb- 

By duality, a counital comagma in C is a triple D = (D,£p>,Sd) where D is an object in C and 
£d : D -A- K (counit), Sd ■ D -A D®D (coproduct) are morphisms in C such that (£p>iZ)D)oSd = idp = 
(D ® £p>) o Sd■ If 5d is coassociative, that is, (Sd <8 D) o Sd = (D <g> Sd) ° Sd, the counital comagma 
will be called a comonoid. If D = (D,£d,Sd) and E = (E,£e,Se) are counital comagmas (comonoids), 
/ : D -A E is a morphism of counital comagmas (comonoids) if (/ <8> /) o Sd = Se ° / and £e ° f = £d- 
If A, B are unital magmas (monoids) in C, the object A ® B is a unital magma (monoid) in C 
where rjA®B = pa ® Vb and pa®b = (pa ® Pb) 0 (A ® Cb,a 8 B). In a dual way, if D , E are counital 
comagmas (comonoids) in C, D 8 E is a counital comagma (comonoid) in C where £d®e = £d 8 £e and 
Sd®e = (D 8 cd,e 8 E) o (Sd 8 Se)- 

Moreover, if D is a comagma and A a magma, given two morphisms f,g:D^A we will denote by 
f * g its convolution product in C, that is / * g = pa ° (/ 8 g) o So- 

Let A be a monoid. The pair (M, </>m) is a right A-module if M is an object in C and <f>M '■ A® M -A- M 
is a morphism in C such that (j>M ° (t]a 8 M) = idM and <j>M o (A ® </>m) = ° (pa 8 M). Given 

two right A-modules (M,<Pm) and (N,4>n, a map f : M N is a morphism of right A-modules if 
c Sn o (A ® /) = / o <p M . We shall denote by Ca the category of right A-modules. In an analogous way we 
can define the category of left A-modules and we denote it by aC. 

Let D be a comonoid. The pair (M, pm) is a right U-comodule if M is an object in C and pm '■ M —> 
M®D is a morphism in C satisfying that ( M®£d)°Pm = idM and (pm®D)°Pm = (M ®Sd)°Pm- Given 
two right D-comodules (M,pm) and (N,pn), a map / : M -A N is a morphism of right D-comodules if 
(/ ® D) o p M = p N o g. We shall denote by C D the category of right D-comodules. In an analogous way 
we can define the category of left D-comodules and we denote it by D C. 

Now we recall the notion of weak Hopf quasigroup we introduced in [4j. 
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Definition 2 . 1 . A weak Hopf quasigroup if in C is a unital magma (if, ijh, I^h) and a comonoid 
(H,£h,Sh) such that the following axioms hold: 

(al) Sh o I^h = (vh ® ^h) ° 8h®h- 

(a2) e H o p H o (p H ® H) = £ H o n H o (H ® p H ) 

= {{£h ° Mff) ® ° /-Hr)) o (if ® S H <g> if) 

= ((£ H o Hh) ® {e H ° m)) °(H ® (c~^ H o 5 h ) ® if). 

(a3) (fe ® if) o 5 h ° m = (if <g> p H ® if) o ((<5 ff o r) H ) ® (fe o 77 #)) 

= (if ® (/Xff o c^ H ) <g> if) o (( S H o r} H ) ® (fe o 77 #)). 

(a4) There exists a morphism A// : if —>• if (called the antipode of if) such that, if we denote by 11^ 
(target morphism) and by T\f^ (source morphism) the morphisms 

Uh = ((e H ° fiH ) ® if) o (if <g> c h ,h) ° ((fo 0 Vh) ® if ), 

ng = (7? <8> (e ff O /X^)) o (ch,h ® if) O (if <g> (<5 ff o 77 #)), 


then: 


(a4-l) 

K- 

= id H * A H- 





(a4-2) 

K = 

= A h * idn- 





(a4-3) 

A H * 

n h = * 

A H = A H- 




(a4-4) 

fJ-H 0 

(A h ® Atff) 

O (Sh ® H) ■ 

= Hh 

o(ng®H). 


(a4-5) 

Aiff 0 

(H <g> p H ) 0 

(H ® A h ® 

H) 0 

(<5ff ® H) = p H < 

5 (n^ <g> if) 

(a4-6) 

3H 0 

(ph ® A h) 

0 (H ® Sh) ■ 

= Hh 

o(H®n£). 


(a4-7) 

HH 0 

(Ph ®H) 0 

(H ® A h ® 

H) 0 

(if ® Jjj) = ph <■ 

5 (F®ng) 


Note that, if in the previous definition the triple (H,r/H, Ph) is a monoid, we obtain the notion of 
weak Hopf algebra in a braided category introduced in [5] (see also 0 ). Under this assumption, if C is 
symmetric, we have the monoidal version of the original definition of weak Hopf algebra introduced by 
Bohm, Nill and Szlachanyi in [ 6 |. On the other hand, if £h and Sh are morphisms of unital magmas, 
(equivalently, 77 #, pn are morphisms of counital comagmas), Ilffj = = ph®sh and, as a consequence, 

we have the notion of Hopf quasigroup defined by Klim and Majid in j9] in the category of vector spaces 
over a field F. (Note that in this case there is no difference between the definitions for the symmetric and 
the braided settings). 

Now we recall some properties related with weak Hopf quasigroups we will need in what sequel. The 
proofs are identical to the ones given in [4j, because condition (a4) of Definition 12.11 is unnecessary. 

Proposition 2.2. Let if be a unital magma and comonoid such that conditions (al), (a2) and (a3) of 

_ 

Definition \2.1\ hold. Define H H andIl H by 

n^ = (if ® (eh o p H )) o ((Sh o rj H ) ® if) 

and 

= ((sh 0 I^h) ® H) o (H ® (Sh ° m))- 

Then the morphisms n|u H((, Xi H and are idempotent. Moreover, the following equalities 


nf) o g H = o 77_fr = y\ l h o t]h = or] H = vh, (i) 

Sh o LIh = Sh o ng = £ H o U L h = £ H o = £h, ( 2 ) 

* idn = idn * n|^ = idn , (3) 

Mff 0 (H <g> n^) = ((e H o hh) ® if) o (if ® c h ,h ) 0 (Sh ® H), (4) 

pL H o (n$ ® H) = (H <g> (e H o p H )) ° (ch,h ® H) o (H <g> S H ), (5) 

Ph o (if ® n^) = (H <g> (£ H o p H )) ° (Sh 0 if), (6) 

Th ° (n^ ®H) = ((e h o p H ) ® if) o (if ® 5 h ), (7) 

(H ® n^) o S h — (ph <8> H) o (H <g> c h ,h) o ((Sh ° Vh) <S> H), (8) 
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(nff (8) H) o S H = (17 <8) /iff) o (cff.ff 0 17) o (17 0 (S H ° 77 #)), 

Ilff o /tff o (iJ ® riff) = Ilff o /iff = Ilff o /iff o (17 (8 Ilff ), 

(h (8 nf)) o ^ o nf) = 5 H o nf) = (h <g> n^) o^o nf), 

(nff 0 H) o S H = (H (8 /iff) o ((dff o ?/ff) (8 17), 

(if (8 Ilff) oSh = (/iff 0 17) o (17 0 (dff o ?/ff)), 

(nff 0 rr) o ^ o nff = <5ff o nff = (njf 0 fl)oi ff o nff, 

/iff o (nf) 0 nf)) = nf) o /iff o (nf) 0 nf)), 

/iff o (nff 0 nff) = nff o /iff o (nff 0 nff), 

Sff°nf) = nf), Tiffonff = nff, nf,oiiff = n^ ,!!ffonf) = n£ 


hold. 


(9) 

( 10 ) 

( 11 ) 

( 12 ) 

(13) 

(14) 

(15) 

(16) 
(17) 


The following properties are also proved in 21 1 but we give a slightly different proof without using (a4) 
of Definition 12.11 

Proposition 2.3. Let H be a unital magma and comonoid such that conditions (al), (a2) and (a3) of 


Definition \2.1\ hold. Then we have that 

n f)*nf) = nf), ,nff*nff = nff (is) 

Sh o /iff o (nff 0 h) = (^ 0 H) o (nf) 0 5ff), ( 19 ) 

S H ° /iff 0 (H 0 nf)) = (/iff 0 17) o (17 0 Cff.ff) O ((iff 0 nf)). (20) 

Sh ° 2 -h ° {H ® nff) = (H 0 /iff) o ((iff 0 nff), (21) 

Sh ° g-H ° (nff 0 H) = (H 0 /iff) o (cff,ff 0 H) o (nff 0 Sh)- (22) 

l*H ° ((Atff o (nf) 0 17)) 0 17) = /iff o (nf) 0 /iff), (23) 

/iff O (17 0 (/iff o (nf) 0 17))) = /iff O ((/iff o (17 0 nf))) 0 17), (24) 

/iff O (77 0 (/iff o (17 0 nf) ))) = /iff O (/iff 0 nff), (25) 

and similar equalities to 1123 ll . |I4|) and V25\) with nff instead o/nf) also hold. 


Proof. We begin by showing the first equality of (118f) . the second one is similar. Using the definition of 
nf), the naturalness of c, and (a2) and (al) of Definition 12.11 
n ff * n^ 

= (£ff 0 17) o /iff 0 ff o (17 0 17 0 ((/iff 0 17) o (17 0 Cff,ff))) o ((dff o 7 /ff) 0 ((iff o r] H ) 0 17) 

= ((eh 0 /iff) 0 17) o (17 0 Cff,ff) o ((/iff(g)ff o (dff 0 dff) 0 17) o (rj H 0 ijh 0 1?) 

— n L 

The proof of (fT9l) and (l20l) is the same that the given in [5], and the equalities (12T1) and (l22l) follow a 
similar pattern. As far as the last equalities, the proof is somewhat different to the given in [5] because 
in this case we can not use the antipode. We only show (1M1) . the other being analogous. Using that H 
is a comonoid, condition (al) of Definition 12.11 (twice!. (l20l) . condition (a2) of Definition 12.11 and (TT9l) . 
/tff o (17 0 (/iff o (Ilf). 0 17))) 

= (s H 0 17) o dff o /iff o (17 0 (/iff o (Ilff 0 17))) 

= (£ff 0 17) o /iff 0 ff o ((dff o /iff o (17 0 nf))) 0 dff) 

= ((£ff o /iff o (/iff 0 77)) 0 /iff) o (17 0 17 0 Cff,ff 0 17) o (17 0 Cff,ff 0 17 0 17) o (dff 0 nf) 0 dff) 
= (£ff 0 17) o /iff 0 ff o (dff 0 ((/iff 0 17) o (nf) 0 dff))) 

= (£ff 0 17) o /iff^ff o (dff 0 dff) O (17 0 (/iff o (nf) 0 17))) 

= /iff o ((/iff o (17 0 nf))) 0 17). 

□ 
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Remark 2.4. Let LL be a unital magma and comonoid such that conditions (al), (a2) and (a3) of 
Definition m hold. Denote by Hl = Im(H R ) and let pl : LL —>• Hl, i /, : Hl —> LL be the morphisms 
such that il ° PL = II R and pl ° il = idn L - Then the equalities (f23]l . (l24l) and (l25l) imply that 
(Hl, tih l = Pl ° Ph, Ph l = Pl ° Ph ° (*l <E> *l)) is a monoid. Therefore we can consider the category of 
right (left) LLi-modides, denoted by Ch l (h l C). In particular, (H,cf) R = pn ° (H ® *l)) is in Ch l and 
( H , ip R = pn ° (*l <g> H)) is in h l C. Moreover, if (M(/>m) is a right LL^-module, we define M ®h l H by 
the following coequalizer diagram: 


M g H l g H 


M g ipfj 


riM 

M g H - *-M ® Hl H 


4>m <g> H 

Similar considerations can be done for Hu = Im( Il)|). 


Now let IL be a unital magma and comonoid such that conditions (al), (a2) and (a3) of Definition 12. II 
hold. Define the morphisms, called fl-morphisms, 

Tl\ = (Ph <g> H) o (H g ® H) o (H (g> S H ), 

= (ph g LL) o (IL g Il|| <g> H) o (H <g) S H ), 

D 2 l = (H <g) ph) o (IL 0 g IL) o (S H <g) IL") 

and 

= (LL g) //#) o (IL ig) ng (g) IL) o (<$# (g) H). 

By Proposition 12.31 it is not difficult to see that these morphisms are idempotent. As a consequence, 
there exist objects H x\ H , H x^H , H x\ H and H x 2 R H and morphisms 

q\ : H ® H ^ H x \ H , jl : H x{ H H ® H, 
q l R : H ®H ->• H x l R H , j R : H x R H H ® H, 
q 2 L :H®H^-Hx 2 L H ,j 2 L :Hx 2 L H^H®H, 

and 

q 2 R : H gLL H x 2 R H ,j 2 R :Hx 2 R H-+H®H, 
such that, for cr £ {L, I?} and a £ {1,2}, 


£o£ = n“ q^oj-=id Hx . H . 
Finally, by conditions (E51) and (1251) . it is easy to see that 

(. p H <g> H) o (H g ft*) = (IL g flj.) o (p H g IL) 


(26) 

(27) 


and 

(A ® p H ) o (D 2 ®H) = (n 2 a g IL) o (IL g /z H ), a £ {L, A}. (28) 

Note that the morphism is the same that the one defined in [5] by the name of V#. The following 
Lemma gives an explanation of the meaning of the objects H LL, H x R H, H x 2 L H and H x R H by 
using equalizer and coequalizer diagrams. 


Lemma 2.5. Let H be a unital magma and comonoid such that conditions (al), (a2) and (a3) of 
Definition \2.1\ hold. Then we have that: 

(i) The diaqrams 

4> l h ®h i 

LL ® H l ® H _ IL g LL---*- Hx\H 


and 


H ®ip R 

&h®H 2 

LL g H r g H _ LL g LL---*- H x 2 R H 


H®(p* 











6 


are coequalizer diagrams. By Remark \2-4j have that H H = H ®h l H and H x' 2 n if = 
H ®h r H. 

(ii) The diagrams 


j2 ((if ®pl) o Sh) 0 H 

Hx 2 l H -^if0if II 0 Hi, 0 H 

H 0 (( p L 0 H) o S H ) 

and 

7 -i ((if ®pr) o 5 h ) ®H 

Hx^H - -^if0if ~ if0if L 0if 

H 0 ((pr 0 if) o S H ) 

are equalizer diagrams. 

Proof. ( i ). We will give the computations for the first diagram, the proof for the other is similar. First 
of all, 

f )} L o (if 0 ififi) 

= ((pn o (if 0 n^)) 0 if) o (if 0 (Sh o p H o ( i L 0 if))) 

= ((p H o (if 0 n^)) 0 if) O (if 0 ((p H 0 if) o (i L 0 Sh))) 

= ((sh o p H o (if 0 p H )) 0if0if)o(if0if0 ch.h 0 if) O (if 0 0 <5 ff ) O (<5 ff 0 ii 0 if) 

= ((e ff O p H o lu H 0 if)) 0if0if)o(if0if0 0 if) o (if 0 0 ) O (5 ff 0 0 if) 

= ((e ff O p H ) 0 if 0 if ) o o ((gt# o (if 0 i L )) 0 if) 

= O (0^ 0 if), 

where the first equality follows by the definition of the second one by (flTJlk in the third and the last 
ones we use 0; the fourth one relies on (a2) of Definition 12.11 finally, the fifth equality follows by (1201) . 

By composing on the left with q l L , we have that q\ o (if 0 tp^j) = q\ o (<j>^ 0 if). Now assume 

that r:if0if—>Qisa morphism such that r o (if 0 tpjfr) = r o (</>)^ 0 if). Then the morphism 

r o : H x ^ if —y Q satisfies that 

r ° jl ° ql = r = r ° ((p H o (if 0 (i L o p L ))) 0 if) o (if 0 S H ) = r o (if 0 (II# * id H )) = r, 

and if s : if 0 if Q is such that s o q 1 L = r, then s = s o g) o j) = r o j\. 

(ii). We only give the computations for the first diagram. Composing on the right with q 2 L and on the 
left whit if 0 *z, 0 if, 

(if 0 Ilfj 0 if) o (if 0 Sh) ° 

= (if 0 0 if) o (if 0 (<5# o p H o (n^ 0 if))) o (<5# 0 if) 

= (if 0 0 if) o (if 0 ((/i ff 0 if) o (n^ 0 ijj))) o (< 5 # 0 if) 

= (if 0 (n£ o/j H o (n^ 0 n#)) 0 if) o (< 5 # 0 Sh) 

= (if 0 (n^ o p H ) 0 if) o (if 0 0 ((if 0 p H ) ° ((S H ° Vh) 0 if))) ° (<5w 0 if) 

= (if 0 0 p H ) o (if 0 ((if 0 n#) o Sh o njj) 0 if) o (< 5 # 0 if) 

= (if 0 n# 0 p H ) o (if 0 (< 5 # o n^) 0 if) o (j# 0 if) 

= (If 0 II# 0 Ph) O (if 0 (((£# o /i#) 0 if) o (if 0 Ch.h) 0 (£ff 0 if)) 0 if 0 if) 

o(if 0 if 0 0 if) o (if 0 (<5# o 77 #) 0 if 0 if) O (5# 0 if) 

= (if 0 (n^ o p H ) 0 p#) o (if 0 if 0 0 if) o (if 0 (5# o q H ) 0 if 0 if) o (6# 0 if) 

= (if 0 0 p H ) o (if 0 ((if 0 Il£) o d)#) 0 if) o (<$# 0 if) 

= (if 0 0 if) o (£# 0 if) o 

where the first equality follows by the definition of the second one by (flT)lh in the third one we use 
uni); the fourth equality relies on (TH21) : the fifth one follows by (fT3lk the sixth one by CD; the seventh 
one uses coassociativity and the definition of II#, the eighth one relies on (H)); the ninth one uses (|5)l; 
finally, the last one follows by coassociativity. 

As a consequence, (if 0 ((pl 0 if) o Sh)) 0 j\ = (((if ®Pl) ° Sh) 0 if) o and, if r : Q —>■ if 0 if is 
a morphism such that (if 0 ((p^ 0 if) o <5#)) or = (((if ®Pl) ° Sh) 0 if) 0 r, it is easy to see that the 
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morphism q\ o r satisfies that o q\ o r = r, and it is unique because, if s : Q —> H (g) H is such that 
j't °s = r, then s = q\ o j\ o s = q\ o r. □ 


The following definition is inspired in [7]. 

Definition 2.6. Let H be a magma. We say that a morphism (i> : H 0 II —»• H 0 // is: 

(i) Almost left ii-linear, if = (pn ® H) o ( H ® 0) o (if ® ijh ® ii). 

(ii) Almost right ii-linear, if = (H ® /.t#) o (<)> ® ii) o (if ® r] H ® Lf). 

By dualization, if ii is a comagma, we will say that a morphism <f> is almost left ii-colinear if <f> = 
(if® ® ii) o (if <g) </>) o (5h®H), and almost right ii-colinear if <j> = (H®eh ®H) o (<^>® ii) o (ii ®8h)- 


Proposition 2.7. Let H be a magma and comagma. The following assertions hold. 


(i) The right Galois morphism, defined as /? = {pin ® H) o ( if ® d#) is almost left H-linear and 
almost right H-colinear. 

(ii) The left Galois morphism, defined as 7 = (if ® /i#) o (<5# ® H) is almost right H-linear and 
almost left H-colinear. 

(iii) The morphisms fl l L and are almost left H-linear and almost right H-colinear. 

(iv) The morphisms and f l 2 R are almost right H-linear and almost left H-colinear. 

Moreover, if H is a unital magma and comonoid such that conditions (al), (a2) and (a3) of Definition 
\2.1\ hold: 


(v) 

(vi) 

(vii) 
(viii) 


The morphism is almost right H-linear and it is almost left H-colinear if and only ifH R = H R . 

The morphism Q R is almost left H-colinear and it is almost right H-linear if and only if 11^ = 
TTfl 

11 fr 

The morphism D. 2 L is almost right H-colinear and it is almost left H-linear if and only if H R = fl H . 

_ 

The morphism D? R is almost left H-linear and it is almost right H-linear if and only iffl R = YV H . 


Proof. It is easy to see assertions (i)-(iv). As far as (v), we get the almost right if-linearity by using (fl3il) 
and (ED- Indeed, 

(H ® p H ) 0 (Hi ® H) o (H ® ?y H ® H) = (pn ® H) o (if ® (n^ o If L H ) ® H) o (if ® Sh) = fii,. 


On the other hand, using (U) and 

(if®£_H'®ii)o(ii ®D\)o(Sh®H) = (H®>(e h o Ph)®H)o(S h ®Sh) = (/iff® if) o (ii®II^®iT) o (ii® 6h ), 

and as a consequence we have that Vl l L is almost left ii-colinear if and only if 11^ = 11^. 

To get (vi), the morphism is almost left ii-colinear because by © and (fT71) . 

(ii ® eh ® H) o (if ® fl)j) o (Sh ® if) = (H ® (e h o p H ) ® H) o (Sh ® ((n§ ® H) o Sh)) 

= (ph ® H) o (H ® (H R o n§) ® H) o (if ® Sh) = flfl. 

Moreover, using © and (1T21) . 

(H®fj, H )o(n R ®H)o(H®ri H ®H) = (ph®Ph)°(H®(5 h °iih)®H) = (p H ®ii)o(if ®II^®if)o(if ®<5 ff ), 

and then is almost right H- linear if and only if If L H = II§. We leave to the reader the proofs for (vii) 
and (viii). □ 


Remark 2.8. Note that, as we showed in Propositions 1.5. and 1.6. of [T] (the proofs do not use 
associativity nor the antipode), = II H iff 11^ = II ff , and II = Il R iff II § = If H . Therefore, the 
morphism il\ is almost left ii-colinear if and only if H 2 R is almost right H- linear (that is the case, for 
example, if H is coconmutative, i.e., Sh = Ch.h 0 Sh), and the morphism is almost right ii-linear if 
and only if f l 2 L is almost left ii-linear (for example, if H is commutative, i. e., pn = Ph 0 ch,h)- 
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Remark 2.9. Note that, if H is a weak Hopf quasigroup, we can express the fl-morphisms as compositions 
of the Galois maps. Actually, by (a4) we have that 

Q 1 L = Po/3, Dg = /3o/?, ^= 707 , ^ = 707 , (29) 

where /3 = (ph®H) o(H®\r®H)o (H®Sr) and 7 = (R ® p R ) o (R® A# ® R) o (8r®H). Moreover, 
if the weak Hopf quasigroup R is a Hopf quasigroup, ng = ng = H H = IV H = £h <S> r/H and then the 
H-morphism are identities. As a consequence we have that in this case the Galois maps P and 7 are 
isomorphisms with inverses P and 7 , respectively. 

Now we give the main result of this paper, which characterizes weak Hopf quasigrous in terms of a 
composition involving the Galois maps. 

Theorem 2.10. Let H be a unital magma and comonoid such that conditions (al), (a2) and (a3) of 
Definition \2.1\ hold. The following assertions are equivalent: 

(i) H is a weak Hopf quasigroup. 

(ii) The morphisms f = q x R o (3 o jg : H x x L H —> H x g H and g = q\o 7 o jg : H x g R —► H x g H 
are isomorphisms, the morphism j R o f^ 1 o q R is almost left H-linear, and j R o g~ x o q 2 L is almost 
right H-linear. 

Proof, (i) =$■ (ii). Assume that H is a weak Hopf quasigroup. Define / -1 = ggo/3ojg and g~ l = q^ojoj^. 
Then / -1 and g~ x are the inverses of / and g , respectively. Indeed, 

for 1 = qRoPottlofioj^ = q R of3oj3o/3oj3oj R = ggoDgoDgojg = ggoDgojg = ggojgoggojg = id Hx i R R. 
On the other hand, 


/ *°/ = QL 0 P°r R o/3ojf = qiopopopopojf = qfoLLfoVLiojf = qfoVLfojf = qlojfoqfojf = id Hx i H , 


and then / _1 is the inverse of /. In a similar way it is easy to see that g~ x is the inverse of g. To see 
the almost left and right R-linearity, we will see that j R o / -1 o q R = 0 and j R o g~ r o q R = 7 . We only 
show the first equality, the second one follows a similar pattern. Indeed, using the definition of / , the 

idempotent character of fig, equality (151 for ng, coassociativity and (a4-3) of Definition l2.ll we obtain 
that 


j R o / -1 0 ^ = 11 ^ 0/30 n R = /3o(3o/3o/3ol3 = /3o/3o/3 = (3o fig 
= ((ph 0 (ph ® H) o (H ® n g ® H)) ® H) o (H ® H ® ((\ H ® H) o Sr)) ° (H ® Sr) 
= (p H ® H) O (H ® (ng * X H ) ® H) O (H ® 8h) = P- 
(ii) => (i). First of all, note that 


Jr 0 / 0 Ql = P jl 0 9°<lR = l- 


(30) 


Indeed, 

Jr 0 / 0 Ql 

= (ph ® H) o (H & H) o (H ® 8 r) ° (ph ® H) o (H ®6 h) ° (ph ® H) o (H ®U R ® H) o (H <g) 8 r) 

= (ph ® H) o (H ® ng ® H) o (H ® Sr) 0 (ph ® H) o (H ® (ng * id R ) <8> H) o (H ® Sr) 

= (ph ® H) o (H ® ng ® H) o (H ® Sr) 0 (ph ® R) o (H ® Sr) 

= (ph ® H) o (R ® (id R * ng) ® R) o (R ® <S#) 

= A 

where the first equalitiy follows by the definitions of /, fig and fig; the second and the fourth ones by 
(151) and (151 ; and in the third and the last ones we use (a4-3) of Definition 12.11 In a similar way, we get 
the second equality. As a consequence, we obtain the following expressions for p R and Sr: 

PH = (H ® e H ) oj 1 R ofoq 1 L = (e H ®H)oj 2 L ogo q 2 R . 

$H =jR°foq 1 L o (r/ H ® H) = jl o g o q 2 R o (H ® rf H ). 


(31) 

(32) 
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Now define Xh = (H ® £h) ° jl ° f 1 ° 0 (vh ® H) and A h = (sh ® H) ° 3r° g 1 o qf o (H <g> gn)- To 

obtain that H is a weak Hopf quasigroup we will show that A h = A h and they satisfy (a4) of Definition 
o We begin showing that idH * A h = H//. Indeed, by the almost left //-linearity and ((32l) . 
id H * A H = (H ® e H ) o (h h ®H)o(H® (jl o f- 1 oq^o (g H ® //))) o S H 
= (H® e H ) o j'i o f- 1 o o S H = (H ® £ff) o jl o /- 1 oqlojlofoqlo (r] H ® H) 

= (H ® £ ff ) O^o (g H ® H) = n R . 

In a similar way, but using the almost right //-linearity, we get that A h * idH = . On the other hand, 

note that (// Cg> H) o (H ® Sh) = (H ® Sh) 0 P holds and, by (l30ll it is easy to see that 



(Hi 

%S H )°jlof 1 0 , 

3r = ((jl 0 / 

10 Qr) ® H) 0 

(H ® S H ). 

(33) 

Moreover, taking into 

1 account that (H ® 7 ) 

0 (S H ® H) = 

(S H ®H) 07 , 

we get 



{Sh 

® H ) 0 j R o g 1 0 

q\ = (H® (. j% 

°g~ l °qI)) 0 

(S H ® H). 

(34) 

Therefore, using (1511). 

, we 

obtain that 





Aff * idH = 

: gH 

0 (H ® ((£ff ® H) 

0 Sh) ° jl 0 / 

1 ° q R 0 (gH ® H) 


= (H ® £ff) 0 

Jr< 

3 /°?i °/ _11 

3 q l R 0 (m ®H) = (H® £ff) 

0 0 (g H ®H)= n§, 



and by similar computations, but using (13411 , we have that idn * A h = n|). 

To get (a4-3) of Definition 12.11 

X H * ~B-h = gH o (H ® 11^) o jl o f~ l oq l R o (g H ® //) = (// ® e H ) o o jl o / _1 ogjjo (r) H ® H) = \ H , 

where the first equality follows by almost right //-linearity; the second one because H is a comonoid; in 
the third one we use that gHo(H®H R ) = (H®£h) finally, the last one follows because VL\ojl = jl . 
By similar computations but using almost left //-linearity and that (11^ ® H) o Sh = tt R o (g H <g> ZZ), it 
is not difficult to see that H R * A h = A h, and the same ideas can be used to show that A h = A h * Lljj. 
Now we prove (a4-4)-(a4-7) of Definition 12.11 Firstly, by almost right //-linearity and (1501) 

li H o (A H ® gH) o (S H 0 ZZ) = (£ H ® H) o ((// <g> / l h ) o ((j| o g- 1 o q\) <g> H) o (H ® g H ® H) o 7 

= (£h <8> -ff) o Jr ° 2 -1 °g 2 L ° jl° g°g 2 R = (£j? ® H) o n 2 R = g H ° (ng ® //), 
and using almost right //-linearity, (1551) and (15T1) . 

/iff o (// <g> /iff) o (// <g> Aff <g> ZZ) o (S H ® H) = gn ° (// ® £ H ®H) o (H® (j R °g~ 1 °ql))o (S H ® H) 
= /iff o (((ZZ ® £ff) o S H ) ® H) O j 2 R o g- 1 o ql = ( £h ® H) o jl o g o q 2 R o j 2 R o g- 1 o q 2 = (£ H ®H) oL1 2 l 

= /iff o (n^ ® h ). 

By similar ideas but using almost left //-linearity and (1551) . we show that 

g-H o (/iff ® Aff) o (H ® Sh) = gH ° (H ® n^), 

and 

gn 0 (/iff ® H) o (H ® Aff ® H) o (H ® Sh) = gH o (H ® n§). 

To finish the proof, it only remains to see that A h = A h- Indeed, 

Aff = Aff = 1 = njj = gn o (H ® 11^) o (\ H ® H) oSh = gH 0 (gH ® Aff) o (H ® Sh) ° (A h ® H) 0 Sh 
= gn 0 (H« ® H) o (H ® Aff) oSh = gH 0 (A h ® gn ) 0 (Sh ® H ) 0 (H ® Aff) oSh = Xh * II R = Aff, 
and the proof is complete. □ 

As we have said in the Introduction, the notion of weak Hopf quasigroup generalizes the ones of Hopf 
quasigroups and weak Hopf algebras. To finish this section we particularize our main theorem in these 
settings. Note that the first result is the assertion (1) of the Theorem 2.5. (called the first fundamental 
theorem for Hopf (co)quasigroups) given by Brzezinski in [7]. 

Corollary 2.11. Let H be a unital magma and comonoid such that £h and Sh are morphisms of unital 
magmas (equivalently, gn and gn are morphisms of counital comagmas). Then H is a Hopf quasigroup 
if and only if the right and left Galois morphisms fi and 7 are isomorphisms and they have almost left 
H-linear and almost right H-linear inverses, respectively. 
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Proof. First of all, note that conditions (a2) and (a3) of Definition 12.1 1 trivialize because £h and Sh are 
morphisms of unital magmas. Moreover, n)) = II§ = H H = II ff = £h ® PH and then the ft-morphisms 
are identities. As a consequence, / = /3 and <7 = 7 . □ 

As far as weak Hopf algebras, we will prove that it is possible to remove the conditions about almost 
H- linearity. First we need to show the following technical Lemma: 

Lemma 2.12. Let H be a unital magma and comonoid such that conditions (al), (a2) and (a3) of 
Definition \2.1\ hold. Let f and g be the maps defined in Theorem \2.10\ and define the morphisms: 

Vhx^h = q 1 R°(TH®H)o(H®j 1 R ), ip Hx i LH = qi o (p H ®H) o (H® jl), (35) 

^Hx\H = q R °{H®p H )o(j 2 R ®H), = q 2 L o (H®p H ) o (j 2 ®H). (36) 

Then the following assertions are equivalent: 

(i) H is a monoid. 

(ii) The morphism f satisfies that f o <Phx\h = Thx^h 0 (H 0 /)■ 

(iii) The morphism g satisfies that g o ipux\H = ^HxfH 0 (ff 0 H). 

Proof. (i ) =>• (ii). Assume that H is a monoid. Then, 

f° Thx\h = Qr 0 P o o (Th 0 H) o (H ®j[) = q 1 R o/3o(p H ®H)o(H ® jl) 

= qRo(p H ®H)o(H®p)o(H®j 1 L ) = q 1 R o(p H ®H)o(H®(n 1 R of3))o(H®jl) = Thx\h 
where the first and the last equalities are consequences of (1551) ; the second and the fourth ones rely on 
m- Finally, the third equality follows because H is associative and then (ph®H)o(H®P) = f3o(p H ®H). 

To get (ii) => (z), we will show that (p R 0 H) o (H <g> /?) = j3 o (p H 0 H). By composing with H ®£h 
we obtain that H is associative. First of all, note that, by (l24l) and ([3]), 

= (fi H 0 H) o (H 0 (n^ * idn) 0 H) o (H < 8 > Sh) = /?, 
and in a similar way but using (1571) for II§ we get that Q R o fj = (3. Then, by (1551) and (1571) . 

f °Thx\h = q 1 R o/3on 1 L o(fj, H ^H)o(H 0 jl) = q^ o /3 o (p H <g> H) o (H ® jl) 

and 

Thx^h °(H®f)=q 1 R o (p H ®H)o(H® ft)j) o (H 0 (/3 o j\)) = q R o (p H 0 H) o (H 0 (/? o jl)). 

Composing with j R on the left and with H 0 q R on the right, and using (1571) and (1551) we obtain that 
(p H 0 H) o (H 0 /3) = /3 o (p H 0 H). 

The proof for the equivalence between (i) and (iii) is similar and we leave the details to the reader. □ 

Now we can give our characterization for weak Hopf algebras. Note that the equivalence between (z) 
and (ii) is the result given by Schauenburg in [75] (Theorem 6.1). 

Corollary 2.13. Let H be a monoid and comonoid such that conditions (al), (a2) and (a3) of Definition 
IP hold. The following assertions are equivalent. 

(i) H is a weak Hopf algebra. 

(ii) The morphism f defined in Theorem \2.10\ is an isomorphism. 

(ii) The morphism g defined in Theorem \2.1(A is an isomorphism. 

Proof. By Theorem 12.101 (z) => (ii) and (i) =>• (iii). To get (ii) =>• (z), we will begin by showing 
that, if / is an isomorphism, the morphism j R o / -1 o q R is always almost left Ff-lincar. Indeed, note 
that by Lemma 12.121 / o <Phx\h = Thx^h 0 (H 0 /)• By the suitable compositions, we obtain that 
Thx\h °(H® / _1 ) = / _1 o tp Hx i RH and then 

( p H ®H)o(H®(jlof- 1 oq 1 R ))o(H®r)H®H) = fl 1 L o(p H ®H)o(H®(jlof- 1 oq 1 R ))o(H®r] H ®H) 
= 3 l° Thx\h 0 (H® (f- 1 o q^)) o (H 0 iq H 0 H) = j\ o / _1 o ip H x i rH o (H 0 g]j) o(H®t]h®H) 
= Jl 0 / _1 0 Qr 0 (Th ®H)o(H® ft)j) o (H ® r]H ® H) = j[ o f- 1 oq 1 R on 1 R = jl o f~ x o q l R . 
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Now we can follow the proof given in Theorem 12.101 to see that the morphism Xh = (H ® eh) ° j\, 0 
f 1 ° Vr° {vh ® H) is the antipode of H (in this case, by associativity of H , conditions (a4-4)-(a4-7) of 
Definition 12.11 trivialize!. The proof for (in) => ( i ) follows a similar pattern and we leave the details to 
the reader. 

□ 


3. A CHARACTERIZATION FOR WEAK HOPF COQUASIGROUPS 

The notions of weak Hopf quasigroup and weak Hopf coquasigroup are entirely dual, i.e., we can obtain 
one of them by reversing arrows in the definition of the other. As a consequence, by dualizing the results 
given in the previous Section we get a characterization for weak Hopf coquasigroups. The proofs follow 
the same ideas, and in order to brevity they will be omitted. First of all we introduce the notion of weak 
Hopf coquasigroup. 

Definition 3.1. A weak Hopf coquasigroup H in C is a monoid (H,ijh , pn) and a counital comagma 
( H,£h,6h) such that the following axioms hold: 

(bl) Sh o hh = (hh ® hh) ° Sh®h- 

(b 2 ) (p H ®H) = ((e H o p H ) <g> ( e h o p H )) o (H ® S H <8 H) 

= (( Eh ° Hh) ® (£h ° m)) o(H ® (c^ H O S H ) < 8 > H). 
b3) ( 5h ® H) o Sh ° Vh = (H ® Sh) ° Sh ° Vh = (H <g> hh ® H) o ((Sh ° Vh) <8 (Sh 0 Vh)) 

= (H <g> (p H o c^h) ®H)o ((S h o r] H ) ® (S H ° Vh))- 
(b4) There exists A h '■ H —> H in C (called the antipode of H) such that, if we denote by n R (target 
morphism) and by (source morphism) the morphisms 

= (( £ h 0 Th) ® H) o (H <g> c h ,h) o ((S h ° Vh) ® H), 

n h = (H ® (eh o Atj?)) o (ch,h <S> H) o (H <g> (Sh ° Vh)), 

then: 

(b4-l) = id H * A H - 

(b4-2) = \ H * idn- 

(b4-3) A h * n R = ng * A h = A h ■ 

(b4-4) (/i H ® H) o (\ H ® S H ) ° S H = (n§ ® H) o S H - 

(b4-5) (vh ® H) o (H <g> \ H ® H) o (H ® Sh) ° Sh = (H-h ® H) o Sh- 

(b4-6) (H <g> p H ) ° (Sh ® A h) ° Sh = (H <g> H^) o Sh- 

(b4-7) (H ® hh ) ° (H <g> \ H <B> H) o (8 h ® H) o Sh = Ph ° (H ® n§). 

Note that, if r)n and /j,h are morphisms of counital comagmas, (equivalently, eh, Sh are morphisms of 
unital magmas), = rjn ® Sh and, as a consequence, we have the notion of Hopf coquasigroup. 

Note that, when reversing arrows, the morphisms and are exactly the same of the previous 

_ 

section, while the morphism changes in and vice versa. As far as the H-morphisms, we must 
change j, Q 2 L and £l 2 R by £l 2 R , Vt} L and Sd R , respectively. Therefore the characterization of weak 

Hopf coquasigroups is the given by the following result: 

Theorem 3.2. Let H be a monoid and counital comagma such that conditions (bl), (b2) and (b3) of 
Definition \3.1\ hold. The following assertions are equivalent: 

(i) H is a weak Hopf coquasigroup. 

(ii) The morphisms h = q R oj o jf : H x 2 L H H x 2 R H and s = q^ o () o j R : H x R H —» H x\ H are 
isomorphisms. Moreover, the morphism jf o h o q R is almost left H-colinear and j R o s -1 o q l L 
is almost right H-colinear. 

When particularizing to Hopf coquasigroups, we get the assertion (2) of the Theorem 2.5 given by 
Brzezinski in |Tj. 




12 


Corollary 3.3. Let H be a monoid and counital comagma such that £h and Sh are morphisms of unital 
magmas (equivalently, t/h and hh are morphisms of counital comagmas). Then H is a Hopf coquasigroup 
if and only if the right and left Galois morphisms (3 and 7 are isomorphisms and they have almost right 
H-colinear and almost left H-colinear inverses, respectively. 

We will finish this paper giving the corresponding characterization for weak Hopf algebras. 

Corollary 3.4. Let H be a monoid and comonoid such that conditions (bl), (b2) and (b3) of Definition 
\3.1\ hold. The following assertions are equivalent. 

(i) H is a weak Hopf algebra. 

(ii) The morphism h defined in Theorem 13.21 is an isomorphism. 

(iii) The morphism s defined in Theorem \3.2\ is an isomorphism. 
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